
MEC Fall 2019: Infinite Series

1. We’re now going to talk some about adding. In school, we’re all familiar with adding two numbers, or
three numbers, or even two hundred numbers. What if we wanted to add infinitely many numbers?

Let’s think about some examples.

(i) What do you think the sum 1 + 1 + 1 + 1 + · · · should be, where · · · means we continue adding 1
infinitely many times?

(ii) What about 1+2+3+4+5+ · · · , where the · · · means we repeat the the same pattern of addition
infinitely many times?

Infinity for both!

2. Now, let’s think about if we add smaller numbers.

(i) First, a silly example:

What should the sum 1 + 1 + 0 + 0 + · · · be? (Here the dots represent an infinite number of 0’s.)

2; One can also repeat this example with other essentially finite sums.

(ii) Now let’s think about a more interesting example.

Recall that when the genie gave us the lamp, the lamp flicked on and off an infinite number of
times. We wanted to know how long the lamp continued turning itself on and off. One way we
could do this is by adding all of the times the lamp spent on and off before it settled into one of
the two states. However, this means we’re adding an infinite number of times!

What numbers were we adding up here?

In fractions of a minute, 1 + 1/2 + 1/4 + 1/8 + · · · .

3. When adding infinitely many numbers together, we call this a series. The series you found for the
lamp problem is an example of a special kind of series, called a geometric series. A geometric series is
a series that looks like

1 + r + r2 + r3 + r4 + · · ·

where r is any number.

(i) What was the value of r for the lamp problem?

1/2

(ii) Geometric series are very special because for some values of r, they actually add up to a finite
number!

For what values of r do you think the geometric series will be finite? For what values of r do you
think it will be infinite?

Geometric series are finite for r ∈ (−1, 1). Students should definitely be able to say that the series
is infinite for r > 1. They can also use the intuition that powers of numbers less than 1 get smaller
to guess they are finite for r ∈ (0, 1). One can discuss negative numbers if time allows now (think
absolute convergence), or later on in the worksheet.
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(iii) We want to find out what number our geometric series adds up to when it is finite. For convenience,
let us give our series a name, say S, so

S = 1 + r + r2 + r3 + · · · .

We can also multiply our series by r to obtain

rS = r + r2 + r3 + r4 + · · · .

Can you use the formula above for S and rS to come up with a formula for S, which does not
involve adding an infinite number of terms, but does involve r? For which values of r is your
formula true?

S = 1
1−r . The formula holds for r ∈ (−1, 1), that is, the numbers from quesiton 4(ii) where the

sum was finite. One can clearly see this will not hold for values of r where the sum is infinite.

4. Now that we know a lot about series, let’s try some more complicated exmaples!

(i) What does the series 1 + 1/2 + 1/4 + 1/8 + 1/16 + · · · sum to?

2, just as in the worksheet with the lamp

(ii) What does the series 1 + 2/5 + 4/25 + 8/125 + · · · sum to?

5/3

(iii) Challenge: What do you think the sum of 1 + 1/2 + 1/3 + 1/4 + 1/5 + · · · might be?

Infinity. One can use the argument that you can group the sum into adding up an infinite number
of quantities > 1/2. The instructor can also comment that this is called the harmonic series. If
extra time allows, one could discuss the alternating harmonic series, as well as the terminology
converges and diverges. One can also discuss the Riemann zeta function, the fact that one can
arrange divergent series to sum to any number, etc.
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